We present results on the fourth-order splitting functions and coefficient functions obtained using FORCER, a four-loop generalization of the MINCER program for the parametric reduction of selfenergy integrals. We have computed the respective lowest three even-N and odd-N moments for the non-singlet splitting functions and the non-singlet coefficient functions in electromagnetic and ν +ν charged-current deep-inelastic scattering, and the N = 2 and N = 4 results for the corresponding flavour-singlet quantities. Enough moments have been obtained for an LLL-based determination of the analytic N-dependence of the n 3 f and n 2 f parts, respectively, of the singlet and non-singlet splitting functions. The large-N limit of the latter provides the complete n 2 f contributions to the four-loop cusp anomalous dimension. Our results also provide additional evidence of a non-vanishing contribution of quartic group invariants to the cusp anomalous dimension.
Introduction
Impressive progress has been made in the past years on turning the next-to-next-to-leading order (NNLO, N 2 LO) of perturbative QCD into the new default approximation for many hard processes, see, e.g., Refs. [1] for some very recent calculations. While this accuracy is fully adequate for most quantities, there are cases where the next order, N 3 LO, is of interest due to (a) very high requirements on the theoretical accuracy, such as in the determination of the strong coupling constant α s from deep-inelastic scattering (DIS), see, e.g., Ref. [2] , or (b) a slow convergence of the perturbation series, such as for Higgs production in proton-proton collisions, see, e.g., Refs. [3] . N 3 LO analyses of processes with initial-state hadrons require, in principle, parton distributions f i (x, µ 2 ) determined at the same accuracy, including the renormalization-group dependence
on the factorization and renormalization scale µ ≡ µ F = µ R with the splitting functions
ik (x) + α 2 s P (1) ik (x) + α 3 s P (2) ik (x) + α 4 s P (3) ik (x) .
(1.2)
Here ⊗ represents the Mellin convolution in the momentum fractions x, and the sum over k includes all n f effectively massless quark flavours; i.e., Eq. (1.1) is a system of (2n f +1) × (2n f +1) coupled integro-differential equations. The splitting functions at NNLO [4] suggest that the effect of the α 4 s corrections in Eq. (1.1) is very small at x > ∼ 10 −2 , but this expectation cannot be extended with sufficient certainty to the full range of x probed by benchmark processes at the LHC.
Here we report on the first steps of a project that aims to obtain a phenomenologically relevant amount of information on all functions P (3) ik (x) in Eq. (1.2). The idea is to employ the FORCER program, see Ref. [5] , to extend the MINCER-based [6] fixed Mellin-N calculations of Refs. [7] to four-loop accuracy, and then to construct approximate x-space expressions, analogous to those for P (2) ik (x) in Refs. [8] , from these results and information about the small-x and large-x limits [9] [10] [11] [12] [13] [14] [15] .
Using basic symmetries, the system (1.1) can be decomposed into 2n f −1 scalar equations and a 2×2 flavour-singlet system. The former (non-singlet) part consists of the 2(n f −1) flavour asymmetries of quark-antiquark sums and differences, q i ±q i , and the total valence distribution,
Typical lowest-order diagrams for the different contributions in Eq. (1.4) are shown below.
The remaining flavour-singlet quantities and their scale dependence (evolution) are given by
where g(x, µ 2 ), abbreviated by g, denotes the gluon distribution. Pdiffers from P + ns in Eq. (1.4) by an additional pure singlet (ps) contribution starting at order α 2 s ,
Decompositions analogous to Eqs. (1.4) and (1.6) apply to the coefficient functions for inclusive DIS. In fact, following Refs. [7] , our calculations of the N 3 LO splitting function are carried out via the unfactorized fourth-order coefficient functions in dimensional regularization, transformed to forward amplitudes A using the optical theorem and projected onto the N-th Mellin moment,
by a dispersion relation in x. Like the operator-product expansion, this approach determines either the even or the odd moments of the splitting and coefficient functions. Specifically, the even moments are obtained of quantities involving q +q, such as F 2 and F L in electromagnetic and ν +ν charged-current DIS, and the odd moments of quantities with q −q, such as F 3 in ν +ν chargedcurrent DIS. See Ref. [16] for a detailed discussion of these issues including the ν −ν cases.
Before we turn to our new results, it is worthwhile to briefly recall the large-N structure of the quark-quark splitting functions in the MS scheme employed throughout this article,
Here A n is the (n+1)-loop cusp anomalous dimension [12] , and C n > 2 has been predicted in terms of A k < n in Ref. [13] . The differences between thesplitting functions are of order N −2 at large N. 
Low-N results for splitting functions and coefficient functions
As an example of our analytic results, we present the N = 4 anomalous dimension γ Except for the last line [17] , Eq. (2.1) is a new result. The complete set of fourth-order anomalous dimensions at N ≤ 4 for Eq. (1.5) and at N ≤ 6 for Eq. (1.4) will be presented elsewhere [18] .
Our results for γ (3)± ns (N) agree with the calculations at N ≤ 4 in Refs. [19] [20] [21] . The numerical size of these quantities is shown in Fig. 2 for n f =3 and n f =4 light flavours. Taking into account the very slow large-N convergence of γ (n) ns (N)/ ln N to A n in Eq. (1.8), see Fig. 1 above, our results are consistent with, but not yet sufficient to improve on, the Padé estimate of A 3 in Ref. [22] . Similarly, the N-dependent Padé estimate used in N 3 LO determinations of α s from non-singlet DIS [2] agrees with the calculated moments well within the large uncertainty assigned to it so far.
Inserting the QCD colour factors (the quartic group invariants are normalized as in Ref. [23] ), the numerical expansions of the even-N non-singlet anomalous dimensions at n f = 4 are given by A check of the matrix in Eq. (1.5) at N > 2 is provided by a relation between the anomalous dimensions which emerges for n f = 1 Majorana quarks and the choice C F = 2T F = C A ≡ n c ≡ n colours of the colour factors that leads to a supersymmetric theory [24] : The combination 1
is supposed to vanish for a regularization that does not violate the supersymmetry. In dimensional regularization ∆ (n) S does not vanish, but is much simpler than the anomalous dimensions, see Ref. [25] for a brief discussion at NNLO. We find that this expected simplification occurs also at N 3 LO (at N = 4, for now: ∆ S vanishes at N = 2 already in QCD due to the momentum sum rule) at for the quartic group invariants with all particles in the adjoint representation. The additional factor of two for each power of n f in the QCD results is due to the transition to Majorana fermions.
We now briefly turn to the coefficient functions C a for DIS in massless perturbative QCD [26] ; see Refs. [27] for the important heavy-quark contributions. The size of the fourth-order corrections is illustrated in Fig. 3 
a,q (N) are fixed by the softgluon exponentiation [22] , and the subleading N −1 (ln 7 N . . . ln 4 N) terms by the double-logarithmic resummations in Refs. [14, 28] . For C 
Large-n f all-N parts of N 3 LO splitting functions & the cusp anomalous dimension
The extension of our above results to higher values of N will require very considerable computing resources and further optimizations of our programs. The situation is more favourable for some leading and subleading large-n f contributions, which do not involve the hardest diagram topologies.
For example, the top-level diagrams contributing to the n 2 f parts of the anomalous dimensions γ (3)± ns are the same as for the n f parts of the NNLO contributions γ (2)± ns in Ref. [30] , but with an additional quark loop inserted into one of the gluon propagators. These diagrams have the colour factor C F C A n 2 f ; the C 2 F n 2 f cases are even simpler, as is the C F n 3 f part derived in Ref. [31] . It is convenient to write the colour-factor decomposition the n 2 f parts of γ (3)± ns in two ways,
A(N) is the large-n c part; it is the same for the even-N (+) and odd-N (−) cases and should include only non-alternating harmonic sums [32] . Once A(N) is known, it is possible to determine B + (N) and B − (N) from the C F parts in the second line of Eq. (3.1) which require only two-loop diagrams.
We have computed the even and odd moments up to N = 20 for the determination of A(N), and the even-N or odd-N moments up to N = 42 for B + (N) and B − (N), respectively. These calculations are sufficient to determine all three function using an LLL-based program [33] , see also Refs. [34] , with a sufficient number of validation constraints. The resulting large-n c contribution reads 
cusp .
The large-n c limit of Eq. (3.3) agrees with the second version of Ref. [36] , in which an error has been fixed after we pointed out a discrepancy with our result, see the left part of Fig. 4 . The C 2 F n 2 f coefficient agrees with the result of Ref. [37] , which was converted to our notation and compared during this conference. The n 3 f part of γ (3) ns (N), and hence the n 3 f coefficient in Eq. (3.3), agrees with Ref. [31] . Our results also agree with the prediction of the N −1 ln N coefficient in Ref. [13] and the small-x resummation result for the 1/N 5 contribution [11] .
In the flavour singlet case, at least for the time being, only the n 3 f leading large-n f contributions can be determined in this manner; the results will be presented in Ref. [35] .
The question of whether or not the quartic group invariants contribute to the four-loop cusp anomalous dimension has attracted some interest, see, e.g., Refs. [38] . The presence of such contributions would violate the Casimir scaling, γ cusp,q = C F /C A γ cusp,g , observed up to NNLO [4] . In our calculations, the relatively easiest contribution of this type is the n f d abcd 
(the corresponding result in Ref. [21] is unfortunately incorrect -only four moments were available there, and the 1/N 2 and 1/(N + 1) 2 contributions were erroneously assumed to be absent) this is not sufficient for a determination of the all-N result from which γ cusp . Moreover the calculated moments, shown in Fig. 4 , clearly point to a non-vanishing value; in particular, they are consistent with the numerical value proposed in Ref. [37] on the basis of a conjectured relation to the quark-antiquark potential calculated in Refs. [39] for this colour factor.
Summary and outlook
We have presented the first computations of anomalous dimensions and coefficient functions at order α 4 s with FORCER, a new FORM [40] program for the analytic evaluation of four-loop massless propagator integrals. Our results agree with those of all comparable calculations performed so far. Together with the calculation of the four-loop gluon propagator in the background gauge to all powers of the gauge parameter, this provides a robust validation of the FORCER package.
So far we have extended previous calculations [19] [20] [21] of the non-singlet splitting functions for the evolution of the parton distributions of the proton by one moment each for P We have performed the first calculations, at N = 2 and N = 4, of the corresponding flavour-singlet quantities, and the first calculations of fourth-order coefficient functions in DIS beyond N = 1 [29] . The full results will be presented in Ref. [18] , together with the four-loop contributions to the renormalization factors Z 5 and Z A required if the Larin scheme for γ 5 [41] is used in the calculations.
Unlike the four-loop renormalization of QCD, the calculations of moments of structure functions require very considerable computing resources. Much more than thousand times the time of the third-order computation is required at N = 4, and the scaling of the hardest topologies with N is, at least so far, much worse than that of the MINCER program in its final highly optimized form.
Nevertheless, already now we have been able to calculate enough moments for the determination of the all-N expressions of the n 2 f contributions to γ 
ik via Diophantine equations for the coefficients of the harmonic sums. We do not expect that the determination of all-N expressions in this manner can be extended far beyond the point we have reached now. However, we hope to be able to obtain more moments in the future, and to provide approximate results for the N 3 LO splitting functions P (3) ik (x) that are useful for high-precision calculations of benchmark processes in ep and pp scattering.
